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Abstract 

The generalized Sutherland-Romer model and Yan models with internal 
spin degree are formulated in terms of both the Polychronakos' approach 
and RTT relation associated to Yang-Baxter equation in consistent way. 
The Yangian symmetry is shown to generate both the models. We finally 
introduce the reflection algebra K(u) to long range interaction models. 
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I Introduction 

In the last few years, a number of one-dimensional long-range interaction models 
have been studied [1-10]. The typical one is Calogero-Sutherland model fl], §], then 
it is subsequently extended to the models with internal spin degrees of freedom 
[5-9]. Among them an interesting approach was proposed by Bernard- Gaudin- 
Haldane-Pasquier(BGHP) who made this type of models related to the RTT re- 
lation associated with Yang-Baxter equation(YBE) JLIJ. The BGHP approach 
provides a method to deal with long-range interaction models: for a given rational 
solution of YBE, for example, R(u) = u + P, where P is the permutation and u 
the spectral parameter, RTT relation gives rise to the Yangian symmetry. With 
a particular realization of the Yangian, in general, we can generate corresponding 
Hamiltonian of the considered systems. 

On the other hand Polychronakos had formulated the integrability in terms of 
the "coupled" momentum operators 0, ||: 



where pi = —i-^r (h = 1), V%j = V(x{ — Xj) a potential to be determined and 
Kij the particle permutation operators. The requirements of the Hermiticity of 
7Tj, the absence of linear terms in p$ and that only the two-body potentials in the 
Hamiltonian lead to 



VTj = Pi + i V ij K '- 
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where 



V ijk = VijV jk + V jk V ki + VkiVij = Wij + w jk + w, 



ki 
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with Wij = W(xi — Xj) being a symmetric function. The commutation relation 
between 7Tj and ttj is found to be 



[7Tj, 7Tj] = V ijk(K ijk - K jik ) 



(1.4) 



This approach can be applied to many integrable systems, especially to C-S model 

a i- 

Recently, Sutherland and Rdmer(S-R) presented a new long-range interaction 
model with the Hamiltonian |[L1|| : 
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where 
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Xjj — Xi Xj, — ^ \Pi ~ *■) 
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and a, / are arbitrary parameters. Sutherland and Romer had proved that eq. (|1.5| ) 
is quantum integrable. In parallel to this development Yan proposed another model 



;i.7) 



that was solved in terms of Bethe Ansatz. So far both the S-R model and Yan 



model have not systematically been studied in terms of RTT relation. 



In this paper we shall show the following points: 

1) The models eq. ( |1.5| ) and eq. ( |1.7| ) are also the conclusion of Polychronakos' 
approach. 

2) On the basis of RTT relation the models eq. (|1.5| ) and eq. ( |1.7|) are related to 
the realization of Yangian, namely, they belongs to the Yang-Baxter system. 
Both 1) and 2) are consistent with each other. 

3) Further properties have been discussed that leads to other complicated con- 
served quantities. 

II Sutherland-Romer Model and Yan Model 

Let us first discuss the extended forms of in eq. ( |TTT| ) that are different from 
those given by ref. || ||. Setting 

Va = P+a l3 + P rj l Kl (2.1) 

where are given by eq. ( |1.6|) and a { quantum operators obeying 

<?iK mn = K mn Oi {% ^m,n) , 

then by substituting eq. (|2.1|) into eq. (|1.1|) and doing the parallel discussion in 
ref. ||, we find 

Vijk = Pijk^ijk + PijkAijk + PkijAkij + PjkiAjki (2.2) 

where 

p± _ p ± p ± 

ijk ij ik i 
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-^-ijk Q'ij&jk QjkQki ^ki^ij 5 

-E^ijk Qijbjk H~ bjk@>ki ^ki^ij • 

Noting that P± k = p+. = ... = P+,, but Pr jk = P^ on ly. 

The sufficient condition of the quantum integrability of eq. ( |1 . 1| ) 

^ijfc = constant (or zero) . 

Now let us look for new solution of eq. ( |2.3| ) 
(1) When Ayfc 7^ 0, By-;. 7^ 0, a sufficient solution can be checked: 

a(x) = Zcoth(ax) (or a(x) = Zcot(ax)) , 
= /tanh(ax) (or b(x) = Ztan(ax)) 



where x = Xij = Xi — Xj, a, I constants and 



Vijk — i 2 (Pijk + P%jk + Pkij + -fj'fci) _ ^ 

Define M 



1 i^Lj^k^i 



then eq. flOl) leads to 
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Eq. (|277|) is exactly given by S-R |IT] when i-Qj = ±1. 
Define 



TCi = 7Tj + U ^2 Kij , 

i¥=3 



then 

[7f»,7fj] = 2il(Wi - Ttj)Kij 

[H, 7Ti] = [^,7fi]=0. 

The conserved quantities are given by 

i 

which leads to 

[HJ n ] = 0, 

i.e. the model is quantum integrable in the sense of Polychronakos [EL [|. 
(2) When = 0, we consider two cases 

(a) A ijk = 

a(x) = - , V ijk = , 

2 i 2 ^(x i -x i ) 2 
that is well known as Calogero model when takes the value 1. 

(b) A ijk = (3 V 

K Kj] = P £ P t%( K ijk - K jik ) . 

Define 

VTi = ~, • >'X / 'i A > 



it is easy to prove that 



K« Pjk] = °> Vi and 3 ^ k 



and 



= 2/3P±(ir i -ir j )K ij , 



so that eq. (|2.12|) is also satisfied. Define 



h = ^ + y E p &*<*- 

With the help of eq. ( p. 151 ), one can prove 

[#,^ = [#,^ = [#,4] =0. 

For the case (b) we have two sufficient solutions of V^: 
(t>i) a(x) = ilcot(ax) (or a(x) = /coth(oa;)) 



v. — —l 2 p+ 

Vijk — ' -fy* , 

rr 1 y„2 1 V Ijl-aKjj) + 
o "i ' o • 2 / \ ij 



(2.17) 



(2.18) 
(2.19) 



(2.20) 



(2.21) 



(2.22) 



Eq. (p.22p is the generalization of the spin chain model considered by BGHP [|K] 
(b 2 ) a(x) = /sgn(x), 



H = \ Erf + J E *(' - JW** - • 



(2.23) 



On condition that = ±1, eq. Q2.23| ) was first pointed out by Yan [EJ through 
Bethe Ansatz, he also found the Y-operator defined by Yang |L3|, [Uj] for eq. fl2.23|) 
1 



[ikij - c(l - (TiGj)] \-%h d P aP + c(l + o-io-j)] (2.24) 
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where P is the permutation, of = 1 and Y satisfies fi"3 



v af3 v f3~( V aP _ v f3y v af3 v f3y icy 9 r\ 

1 jk I ik I ij — I ij I ik 1 jk \£.£0) 

and c = 1(1 ± l)/2 for Kij = ±1. Noting that there is only in the Hamiltonian 
eq. (|2.23| ) for the quantum integrability. 



In this section we have re-interpreted the models eq. ( |1.5|) and eq. (|1.7f) from 
the point of view of the formulation eq. (|1 . 1|) . Next we shall set up the Yangian 
[ |l"5|j description of models eq. (|1.5| ) and eq. (|1.7| ) through RTT relation. 



Ill RTT Relation and Long-Range Interaction 
Models 

Let us apply the BGHP approach |TIJ to the S-R model and Yan model. 
The solution of Yang-Baxter equation, i?-matrix, takes the simplest form as 

R(u) = u + APoo' (3.1) 

and the RTT relation reads 

R 00 >(u - v)T°(u)T°'(v) = T°'(v)T°(u)Row(u - v) (3.2) 

where T°(u) = T(u) g) 1, T ' = 1 <g> T(u) and Poo' is the permutation operator 
exchanging the two auxiliary spaces and 0'. Make the expansion [|10|1 



T\u) = 1+ E^E^r. (3.3) 

a,6=l n=0 " 

^oo' = E «; ■ (3.4) 

a,b=l 
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It is well known that {Tf} generate the Yangian JT3]. Substituting eqs. (|3Tl|), ( |3.3| ) 
and ( |3.4| ) into eq. ( |3~2| ) one finds 

oo ( oo ^ 

E E E «~ n_1 fx - v-^n + E u-^v-^f^ = o (3.5) 

a,fe cd n=0 (. m=0 ) 

where 

fi = 6 bc T: d -6 ad T: b -[T: b ,T^ d }, 

rn r r-pad r rpc6 \r-pab rpcdl 

h - °bcl- n -Oad-l-n ~ i 1 ) J J. 

rn,m \ ir-padrpcb rpadrpcb\ i fTiat Tied] [T-iab Tied 1 

J 3 _ /V l J n J m J m J nJ"T l J n+l' i mJ L J n 1 1 m+lJ • 

For any auxiliary space {X afe } we require /" = f% = f^' m = 0. Obviously /" = 
is equivalent to f£ = 0. So we need only to take 

fi = fr = (3.6) 

into account. 

First from f^' = it follows 

s bc r: d +1 - 6 ad T? +1 = \(T Q a v - t:V) + [Tf, jf\ (3.7) 

which can be recast to 

Tn+i = K T o dT n - TfT~) + [IT, Tf] (a^d), (3.8) 
Tn+i ~ T™ +1 = A(T -T n cc - TrT cc ) + [T n oc , If] , (3.9) 

where no summation for the repeating indices is taken. Eqs. ( |3.8| ) and ( |3.9| ) imply 
that Tf can be determined by iteration for given Tf and Tf. 
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Now let us set 



N 



rpab 
J 



ab 

i i 



ab 



i=l 
N 



(3.10) 
(3.11) 



i=l 



and 



[if, if] = 5ij(hJf ~ SadI 



ad 



rcb\ 



(3.12) 



where Di are operators to be determined. Substituting eqs. ( ^j.l0| )— ( p.!2[ ) into f\ 
we obtain 



« 3 



Further we assume 



Y^lf [D h lf] =0,for any j 

i 

with which the TS^ should satisfy 



c rpad c rpcb 
<Jbc 1 2 — a dJ-2 



]T if if I A ^ If If [D 3 - A) 



t 

A sufficient solution of eq. (|3.15|) is 



T f = l f D 1 



with 



(3.13) 



(3.14) 



(3.15) 



(3.16) 



[D i ,D j ] = \'£lfl*{D i -D j 



(3.17) 



Thus eq. ( |3.11| ) generates long-range interaction through the eq. ( |3.14 ) and ( 3.17|) . 
However so far there is not simple relationship between Di and which should 
satisfy eq. ( |3.14| ). It is very difficult to determine the general relationship. For- 
tunately, BGHP 1 10 ] have set up the link with the help of projection. Let the 
permutation groups Si, S 2 and S 3 be generated by K^, Pij and the product 
PijKij respectively, where exchange the positions of particles and exchange 
the spins at position i and j. The projection p was defined as 



p(ab) = a for Va £ S 2 , b £ Si 



(3.18) 



i.e. the wave function considered is symmetric. Let If 3 be the fundamental repre- 
sentations, then 



p \ " jab jba 

a,b 



Suppose that there exists JXO 



(3.19) 



Di = p(Di), Di £ S 2 , Di £ Sj 



(3.20) 



and the Di is particle-like operators, i.e. 



(3.21) 



Define 



(3.22) 



then 



[Dj, Di] = \p-\P ij {D j - Di)) = X(D J - Di)Ki 



(3.23) 
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(b) T£ b satisfy eq. M) , i.e., RTT relation eq. Q. 
Actually /" = is easy to be checked. By using 

n— 1 n— 1 

k=0 k=0 

we have /^' m = 0. 

The projection procedure is very important for it enables us to prove that 
eq. ( |3.6| ) is satisfied by virtue of eq. ( |3.2(J| ). 

With the expansion eqs. (|3.3| ) and the projected long-range expansion eq. (|3.22| ), 
the hamiltonian associated to T{u) is obtained by the expansion of the deformed 
determinant [|lO|j : 



det q T(u) = ^2e(a)T lai (u - (p - l)A)T 2(72 (w - (p - 2) A) • • -T pap ( 

c 

A calculation gives 
det q T{u) = 



u 



(3.24) 



1 + -M+4 



u 



p(EA-k^)+W-i; 



+A(M-l)E(A-^E^i) 

+ — M(M - 1)(M - 2) + —M(M - lU H 



(3.25) 



One takes the Hamiltonian as 



^ = ^((EA-^E^) 2 + ^ E K ljKjk \ 



(3.26) 



Therefore we define the Hamiltonian which have the Yangian symmetry given by 
eqs. (|3.22|) , (|3.12j ) and ( |3.17|) . In comparison to the known models we list the 
expressions for Di satisfying eq. ( |3.23| ) 
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(1) Di = Pi + | [sgn(xi - X j) + l]Kij, A = 2i/, 



i i^j 

(2) Di=pi + l[i cot a(xi - x,-) + 1]^-, A = 2/, 



(3.27) 



2 V 4 2^sin 2 a(x,-x,) 



(3.28) 



(3) l), = + z7 X)i^j[cotha(xj — Xj)P^ + tanha(x« — Xj)P^ + ljify, X = 2il , 



11 / P + 
H = -Y + -Y 1(1 - aPa) [ 



sinh a(xj — Xj) cosh a(xi — Xj] 



.(3.29) 



Eqs. ( p.27| ) and ( 3.28|) were given in ref 0, eq. ( 3.28 ) was studied in ref [IIJ. 
Eq ( |3.29| ) is the generalization of S-R model. 

An alternative description of transfer matrix was given by BGHP ||10|| . Define 



Di = Di-XYKij , 

i<j 



(3.30) 



then 



[A, Dj 



(k^i,j) 



KijDi-DjKij = A. 



(3.31) 
(3.32) 
(3.33) 



It was proved that 



TAu) = 1 + A- 



u - Di 

all satisfy the RTT relation. 



P "' f(n)=n^Handp(f(n)) 



(3.34) 
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The deformed determinant of T(u) was defined by 

det q T{u) = A ^ + A ) , Am (u) = H(u - Di) . (3.35) 
It was proved that 

p{det q T(u)) = det q (T(u)) . (3.36) 
To contain the model eq.( |2.23| ), we define D t related to the 7fj given by eq. ( [2.16| ) 



as 



D i = n i -P'£P*K ij (3.37) 



j<i 



which satisfies eqs.( ^.31| ), ( |3.32| ) and ( |3.34| ) etc. So we can put the models eqs. ( |2.7| ) 



and ( |2.23D into Yang-Baxter system. 



In conclusion of this section we have shown the consistence between Yangian 
symmetry and the integrability of Polychronakos for long-range interaction models 
and given the interpretation of S-R model and Yan model from the point of view 
of YB system. 

IV Reflection Algebra 



The associativity of RTT relation eq. ( |3.2j ) is Yang-Baxter equation(YBE) [13|, [14 
(R(u) = PR(u)): 

Ri2(u)R 23 (u + v)R 12 (v) = R 23 (v)Ri 2 (u + v)R 23 (u) (4.1) 

where the subscripts indicate the spaces, namely, 1 — > 0, 2 — >• 0', 3 — > 0" in 
comparison to eq. fl3.2|). 

13 



It is well-known that for a given R(u) satisfying eq. ( |4.1| ) there allows corre- 
sponding reflection operator K(u) determined by |16[ 

R(u - v)K x {u)R[u + v)K x (v) = K^v)^ + v)K x {u)R(u - v) (4.2) 



where K\{u) = K{u) ® 1. Eq. ( |4.2|) possesses the remarkable properties [|16| : 
(1) Suppose K±(u) are c-number solutions of eq. ( |4.2|) , so do K±(u) 

K±(u) = T{u)K±{u)T-\-u) . 



(2) Define 



t(u) = ti[K+(u + \)T{u)K_{u)T-\-u)} 



(4.3) 



(4.4) 



then 



[t(u),t(v)]=0 



expansion: 



ir( n )„,-n 



ab 



U 



a,b n 



Substituting eq. (|4.6| ) into eq. ( f4.2|) after calculations one obtains 



(4.5) 



i.e. t(u) forms a commuting family. In order to solve K(u) in eq. (|4.2|) we make 



(4.6) 



^ = ^[^ ( "U (m i rf +^E(^r 1) ^ ) +^ e n) ^r 1) ) 

e 

e 

+ [K£ +1) K^ - K^Ki n d +1) + K^K^ +1) - K^K^} (4.7) 
= . (4.8) 
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It follows 



[ff2U£°] = 



(4.9) 



Suppose = 5 a b, the iteration relation reads 



6 M Kj™ + V - 6 ac K bd 



(m+2) 



^^ac ^bd ^ac ^bd * ^ac ^bd ^ac ^bd 

+ 5 hc [K^\ kW) u + [Kg,Kg>)} (m > 1) . (4.10) 



Eq. (CT) tells that i^ m ) can be found if K^ x \ and -fT*- 3 ** are given properly. 

Now let us consider the simplest case where K{u) is a 2 x 2 matrix given by 
eq. ( |4.13| )(see below). Denote 



T(u) 



T n (u) T 12 {u) 
T 21 (u) T 22 (u) 



(4.11) 



then 



T -i { 



u 



[detqTiu)]- 1 



T 22 (u-\) -T 12 (u-X) 
-T 21 (u-X) Th(m-A) 



(4.12) 



Since det q T{u) commutes with Tab(v) one does not care the common factor ap- 
pearing in eq. (|4.12|) . We consider the simplest case when K± = 1 and denote 



K(u) = T(u)T-\-u) 



(4.13) 



Now let us see what happens for the long-range interaction model where T(u) is 
given by eq.( |3.22| ). Noting that 

K n (u) = T n (u)T 22 (-u - A) - T 12 (u)T 21 (-u - A) , 
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K 12 {u) = T l2 (u)T n (-u - A) - T n (u)T l2 (-u - A) 
K 2 i(u) = T 21 (u)T 22 (-u - A) - T 22 (u)T 2 i(-u - A) 



K 22 {u) = T 22 (u)T u (-u - A) - T 21 (u)T 12 (-u - A) . 



(4.14) 



The T a b(u) in eq. ( |4.14j ) can be expanded in the terms of eqs. ( |3.3| ) and ( |3.22| ) 
which give the T ab {u)\ 



T ab (u)=5 ab + \Y J I- a d l (u) 



(4.15) 



where di(u) = p( — y-). Substituting eq. ( [4.15|) into eq. ( [4.14|) we find 



K u (u) = l+\J2[l! 1 d i (u)+I? 2 d i (-u-\)-\I* 2 d i (u)d i (-u-\)} 

% 

+A 2 E(^f- / ' 1/ fH(^H( M - A )' 

Ki 2 {u) = A 2 J? 1 [di{u) - di(-u - X) + \di{u)di{-u - A)] 



K 21 (u) 



+A 2 £(W - Ifl^d^i-u - A) , 
A53^ 2 [^(m) - - A) + Xdi(u)di(-u - A)] 



K 22 (u) = 1 + A 5^[if d((u) + if^(-w - A) - Xl^dii^dii-u - A)] 

+A 2 E(if if - i/ 2 i 21 K(nK(« - A) (4.16) 



and 



t(u) = K n (w) + K 22 («) 

= 2 + ApEA + AE^ + Cxl + ^EA + AEPy+C,] 



+^e{ma + 



A 



2(JV- 1)AA - (N - 1)A 2 A 
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+A £ p( A4) + 2A e P vP( A 2 ) + a 2 E ^ a 

jV* jV« j¥« 

+ A 3 ]T " A £ PijPiDiDj) 1 + 0( M ~ 4 ) (4.17) 

where C\ and C2 are constants. Obviously the second term commutes with the 
third one on the RHS of eq. ( [4.17] ) . 



Here we would like to emphasize that the t(u) does not generate conserved 
quantities. 



The physical meaning of eq. (|4.17|) for the long-range interaction models is 
not clear yet. It deserves more knowledge in this area to be explored. What we 
would like to say is that the simplest form of reflection matrix K(u) for long-range 
interaction models can really be calculated. Substituting variety of the forms of 
Di given in section 3, the reflection matrix K{u) can explicitly be expressed by the 
interactions. 

We would like to thank Profs. F.D.M. Haldane, B. Sutherland, Y.S. Wu, M. 
Wadati and Yan for valuble discussions. This work was supported in part by the 
National Natural Science Foundation of China. 

References 

[1] F. Calogero, J. Math. Phys. 10(1969)2191. 

[2] B. Sutherland, J. Math. Phys. 12(1971)246; 12(1971)251. 

[3] F.D.M. Haldane, Phys. Rev. Lett. 60(1988)635. 

[4] B.S. Shastry, Phys. Rev. Lett. 60(1988)639. 

17 



[5] A. Polychronakos, Phys. Rev. Lett. 69(1992)703. 

[6] J.A. Minahan and A. Polychronakos, Phys. Lett. B302(1993)265. 

[7] B. Sutherland and B.S. Shastry, Phys. Rev. Lett. 71(1993)5. 

[8] Z.N.C. Ha and F.D.M. Haldane, Phys. Rev. B46(1992)9359. 

[9] K. Hikami and M. Wadati, J. Phys. Soc. Japan 62(1993)469. 

[10] D. Bernard, M. Gaudin, F.D.M. Haldane and V. Pasquier, J. Phys. A26 
(1993)5219. 

[11] B. Sutherland and R.A. Romer, "Exciton, spinon and spin wave models 
in an exactly soluble one-dimensional quantum many-body systems", 1993, 
preprint. 

[12] M.L. Yan, Z. Chen, "Rational solution of Yang-Baxter equation and ID many- 
body problem with generalized Delta-function" , 1989, preprint. 

[13] C.N. Yang, Phys. Rev. Lett. 19(1967)1312; Phys. Rev. 168(1968)1920; 
C.H. Gu, C.N. Yang, Commun. Math. Phys. 122(1989)105. 

[14] R.J. Baxter, u Exactly solved models in statistical mechanics", Academic, Lon- 
don(1982). 

[15] V.G. Drinfeld, Sov. Math. Dokl. 32(1985)254; "Quantum Group", Proc. of 
the ICM, Berkeley(1987)798. 

[16] E.K. Sklyanin, J. Phys. A21 (1988)2375. 

18 



